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extended the existence and uniqueness theorem to Jenkins–Strebel differentials with
punctured disks and annuli.

In [17] we discussed Jenkins–Strebel differentials on compact Riemann surfaces
by geometrical methods. By extending Strebel’s methods, and using the geometrical
methods, in this paper we will describe the most general situation for closed Riemann
surfaces with possible punctures. It shows that the geometrical methods is also useful
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Furthermore, Strebel [31] solved an extremal problem associated with punctured
disks on Riemann surfaces. He dealt with the case when there are finitely many
punctured disks (no additional annuli). Also he showed that the solutions can be
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1. Preliminaries

A punctured disk on the complex plane C always has infinite conformal modulus. It
is, however, possible to assign it a finite number which is called the
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Definition 1.1. The limit

lim
r→0+

(
m(r) +

�+�++
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Since Riemann surfaces have conformal structures, it makes sense to speak of
quasiconformal homeomorphisms between two Riemann surfaces. With respect to
quasiconformal maps we have the following result.

Lemma 1.4. Let Q ⊂ S (resp. Q′ ⊂ S′)
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(i) l1 > l
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In the case 1 (i), the surface P̃ = A1A′
1A2A′

2A3A′
3 has a mirror image P̃

∗ =
A1A′

1A2A′
2A3A′

3
∗. See e.g. [31]. The surfaces P̃

∗
and P̃ can be glued along the

boundary components
{A′

1A2, A′
2A3, A3A′

3, A′
3A1}

to form a new Riemann surface, denoted by P .
Similarly, in the case 1 (ii) the surface P̃ and its mirror image P̃

∗
can be glued
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(ii) If j satisfies that hj = +∞, then the boundary component of P corresponding
to γj is a puncture, denoted by Qj . In the ϕ-metric the characteristic punctured disk
Dj around Qj has circumference lj . Equivalently ϕ has a second order pole at Qj

with the leading coefficient −( lj
2π
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where 1 ≤ k ≤ 3g +
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Lemma 3.2. If εi ≤ εi(0) for some εi(0) > 0, where 1 ≤ i ≤ 3g + n − 3 − p, then
the quadratic differentials {ϕε} are locally uniformly bounded on S. are locally(Š)Tj
/F12 on�}
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Denote by
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Recall that {γk}1≤k≤p is an admissible curves system on S.
Given A = (a1, a2, . . . , aq) ∈ Rq

+, for any

V = (v1, v2, . . . , vp) ∈ Rp
+,

from Theorem 3.3 it follows that there is a unique Jenkins–Strebel differential ϕV

with homotopic type {γk}



Vol. 83 (2008) Jenkins–Strebel differentials with poles 229

Then, for any real numbers m̃j , 1 ≤ j ≤ q, there is a Jenkins–Strebel differential
ϕ
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By using the normal family argument, we conclude that there exists a system of
disjoint ring domains {Rk} and punctured disks {Dj } on S such that their conformal}
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We assume that, as n → +∞,

vn ≡ (Ln, �n) → v0 ≡ (L0, �0),v

n
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Since Fn � F
(−1)
nk induces the same isomorphism between the fundamental groups of

Sk
0 and S∗, we conclude that F k is univalent.

By using the standard argument we know that there is a conformal homeomor-
phism F : S0 → S∗. This implies that

[S∗] = [S0] ∈ Tg,n,

which proves the continuity of the map hA
H : R3g
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When n = 0, 1, 2, . . . , let

Mnk ≡ M(Rnk), 1 ≤ k ≤ 3g
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where

d �

�
j
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Let Mij , i = 1, 2, be the reduced moduli of the punctured disk around Qj with
respect to the same fixed local parameter ζj , 1 ≤ j ≤ q. When proving Theo-
rem 3.1, with respect to the differential ϕ
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Appendix. Some known results

http://www.emis.de/MATH-item?0452.32015
http://www.ams.org/mathscinet-getitem?mr=0590044


Vol. 83 (2008) Jenkins–Strebel differentials with poles 239

[2] L. Ahlfors, Conformal invariants. McGraw-Hill Ser. Higher Math., McGraw-Hill, New
York 1973. Zbl 0272.30012 MR 0357743

[3] L. Bers, Quasiconformal mappings and Teichmüller’s theory. In Analytic Functions (R.
Nevanlinna et al., eds.), Princeton Math. Ser. 24, Princeton University Press, Princeton,
N.J., 1960, 89–119. Zbl 0100.28904 MR 0114898

[4] P. Buser, Geometry and spectra of compact Riemann surfaces. Progr. Math. 106,
Birkhäuser, Boston, MA, 1992. Zbl 0770.53001 MR 1183224

http://www.emis.de/MATH-item?0272.30012
http://www.ams.org/mathscinet-getitem?mr=0357743
http://www.emis.de/MATH-item?0100.28904
http://www.ams.org/mathscinet-getitem?mr=0114898
http://www.emis.de/MATH-item?0770.53001
http://www.ams.org/mathscinet-getitem?mr=1183224
http://www.emis.de/MATH-item?0371.30017
http://www.ams.org/mathscinet-getitem?mr=0396936
http://www.emis.de/MATH-item?0731.57001
http://www.ams.org/mathscinet-getitem?mr=1134426
http://www.emis.de/MATH-item?0629.30002
http://www.ams.org/mathscinet-getitem?mr=0903027
http://www.emis.de/MATH-item?0702.32019
http://www.ams.org/mathscinet-getitem?mr=1099913
http://www.emis.de/MATH-item?0707.14020
http://www.ams.org/mathscinet-getitem?mr=0963064
http://www.emis.de/MATH-item?0415.30038
http://www.ams.org/mathscinet-getitem?mr=0523212
http://www.emis.de/MATH-item?0754.30001
http://www.ams.org/mathscinet-getitem?mr=1215481
http://www.emis.de/MATH-item?0082.06301
http://www.ams.org/mathscinet-getitem?mr=0090648
http://www.emis.de/MATH-item?0083.29606
http://www.ams.org/mathscinet-getitem?mr=0096806
http://www.emis.de/MATH-item?0439.30012
http://www.ams.org/mathscinet-getitem?mr=0559474
http://www.emis.de/MATH-item?1009.30025
http://www.ams.org/mathscinet-getitem?mr=1893048
http://www.emis.de/MATH-item?1057.30039
http://www.ams.org/mathscinet-getitem?mr=2038724
http://www.emis.de/MATH-item?0467.30035
http://www.ams.org/mathscinet-getitem?mr=0585180
http://www.emis.de/MATH-item?0318.32019
http://www.ams.org/mathscinet-getitem?mr=0393584
http://www.emis.de/MATH-item?0577.30038
http://www.ams.org/mathscinet-getitem?mr=0766263
http://www.emis.de/MATH-item?0790.30031
http://www.ams.org/mathscinet-getitem?mr=1198598


240 J. Liu CMH

[22] H. Masur, On a class of geodesic in Teichmüller spaces. Ann of Math. 102 (1975), 205–221.
Zbl 0322.32010 MR 0385173

[23] H. Masur, Jenkins-Strebel differentials with one cylinder are dense. Comment. Math. Helv.
54 (1979), 179–184. Zbl 0407.30036 MR 0535053

[24] C. Pommerenke, Univalent functions. Studia Mathematica/Mathematische Lehrbücher 25,
Vandenhoeck & Ruprecht, Göttingen 1975. Zbl 0298.30014 MR 0507768

http://www.emis.de/MATH-item?0322.32010
http://www.ams.org/mathscinet-getitem?mr=0385173
http://www.emis.de/MATH-item?0407.30036
http://www.ams.org/mathscinet-getitem?mr=0535053
http://www.emis.de/MATH-item?0298.30014
http://www.ams.org/mathscinet-getitem?mr=0507768
http://www.emis.de/MATH-item?0374.30017
http://www.ams.org/mathscinet-getitem?mr=0499132
http://www.emis.de/MATH-item?0156.09002
http://www.ams.org/mathscinet-getitem?mr=0209470
http://www.emis.de/MATH-item?0158.32501
http://www.ams.org/mathscinet-getitem?mr=0223564
http://www.emis.de/MATH-item?0158.32402
http://www.ams.org/mathscinet-getitem?mr=0224808
http://www.emis.de/MATH-item?0311.30021
http://www.ams.org/mathscinet-getitem?mr=0393477
http://www.emis.de/MATH-item?0381.30024
http://www.ams.org/mathscinet-getitem?mr=0480991
http://www.emis.de/MATH-item?0547.30001
http://www.ams.org/mathscinet-getitem?mr=743423
http://www.emis.de/MATH-item?0020.23801
http://www.emis.de/MATH-item?0024.33304
http://www.ams.org/mathscinet-getitem?mr=0003242
http://www.emis.de/MATH-item?0725.30032
http://www.ams.org/mathscinet-getitem?mr=1092571

	Preliminaries
	Differentials with poles
	The main theorem
	Solution of the moduli problems
	Proof of some basic results

