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extended the existence and uniqueness theorem to Jenkins—Strebel differentials with
punctured disks and annuli.

In [17] we discussed Jenkins—Strebel differentials on compact Riemann surfaces
by geometrical methods. By extending Strebel’s methods, and using the geometrical
methods, in this paper we will describe the most general situation for closed Riemann
surfaces with possible punctures. It shows that the geometrical methods is also useful
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Furthermore, Strebel [31] solved an extremal problem associated with punctured
disks on Riemann surfaces. He dealt with the case when there are finitely many
punctured disks (no additional annuli). Also he showed that the solutions can be
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1. Preliminaries

A punctured disk on the complex plane C always has infinite conformal modulus. It
is, however, possible to assign it a finite number which is called the



rentials with poles
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Since Riemann surfaces have conformal structures, it makes sense to speak of
quasiconformal homeomorphisms between two Riemann surfaces. With respect to
quasiconformal maps we have the following result.

Lemmald. LetQ S(resp.Q S)
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(i) 1y > |
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In the case 1(i), the surface P = AjA;A;A,AsA; has a mirror image P =
A1AA2A,A3A; . See e.g. [31]. The surfaces P and P can be glued along the
boundary components

{A1A2, AyAz, AzAg, AzA1}
to form a new Riemann surface, denoted by P.
Similarly, in the case 1 (ii) the surface P and its mirror image P can be glued
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(i) If j satisfies that hj = +oo, then the boundary component of P corresponding
to yj is a puncture, denoted by Qj. In the ¢-metric the characteristic punctured disk
Dj around Q; has circumference lj. Equivalently ¢ has a second order pole at Q;

with the leading coefficient — ZILH
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where 1 <k < 3g +
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Lemma 3.2. If g < €;(0) for some €;(0) > 0, where 1L <i <3g +n—3—p, then
the quadratic differentials {¢} are locally uniformly bounded on S. are locally(J¥j/F12 on
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Denote by
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Recall that {yk}1<k<p is an admissible curves system on S.
Given A = (ag, az,...,aq) R, forany

V =(vi,Vv2,...,Vp) RE,

from Theorem 3.3 it follows that there is a unique Jenkins—Strebel differential ¢y
with homotopic type {yx}



Vol. 83 (2008) Jenkins-Strebel differentials with poles 229

Then, for any real numbers M;, 1 < j < q, there is a Jenkins—Strebel differential

¢
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By using the normal family argument, we conclude that there exists a system of
disjoint ring domains {R} and punctured disks {Dj} on S such that their conformal}
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We assume that, asn — +oo,

Vn = (Ln, n) - Vo= (Lo, 0),V
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Since Fp Frgk_ b induces the same isomorphism between the fundamental groups of
S'g and S , we conclude that F¥ is univalent.

By using the standard argument we know that there is a conformal homeomor-
phismF: Sy — S . This implies that

[S1=1[S] Tgn,

. - . 53
which proves the continuity of the map hﬁ iR
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Whenn=0,1,2,...,let
Mk = M(Rnk), 1=k=3g
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Let Mjj, i = 1,2, be the reduced moduli of the punctured disk around Qj with
respect to the same fixed local parameter (j, 1 < j < q. When proving Theo-
rem 3.1, with respect to the differential ¢
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